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Abstract 

On the basis of the generalizations of the Jacobi identity found by 
the author some identities satisfied by the curvature and torsion of a 
covariant differentiation are derived. A kind of the generalized covariant 
differentiation is proposed and a method of finding some of satisfied by 
them identities is given in the correspondence to the curvatures concerned. 
Possible applications for some physical problems are pointed out. 



1. Introduction 

In the previous paper [5] we announced a kind of many-point generalizations 
of the widely used Jacobi identity. The purpose of the present investigation is 
to give more complete version of [5] including applications in identities satisfied 
by some derivation operators and the corresponding curvatures. 

Let A be an Abelian group and [•, •] : A x A — > A. We say that the operation 
[ , ] satisfies the p-th Jacobi identity, p > 2, (c/.[5]) if for every Ai £ A,i e I ^ 
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and ii, . . . i p G /, we have 

([A h , [A i2 , [. . . , [A ip _^,A ip ] . . ■]]])[ il) [ i2) [... )[ip _ 1)ip ]...]] 

= p[A il ,[A i2 ,[...,[A ip _ 1 ,A ip ]...}}}, p>2, (1.1) 

where the (multiple) bracket operation [•,[•..., [•, •] . . .]] on the indices is defined 
as follows: 

Let A be Abclian group, the set I be not empty, p and q to be integers, 
2 < P < q,ri,...r p G {1,2, ... ,q},r a =/= r fc for a ^ b, a, b = 1, . . . ,p, and to any 
ii,...i q G / to correspond some A il G A. Denoting the opposite element of 
A G A by -A, we for p = 2 define 

(Ai 1 ...i q )[i ri ,i r2 ] '■= Ai 1 _4 q — ■^■i 7 ^(i)...i T2 ( 9 ) 

where the permutation r 2 : {1, . . . , q} — > {1, . . . , q} is such that T 2 (a) := a for 
a G {1, . . . ,q}\{ri,r 2 },T 2 {ri) := r 2 , and r 2 (r 2 ) := ri. 

Let the permutation t p : {1, . . . , q} — * {1, ...,<?} be defined by r p (a) := a 
for a G {1, . . . ,g}\{ri, . . ■,r p },T p (r 1 ) := r 2 ,T p (r 2 ) := r 3 , . . . ,r p (r p _i) := r p and 
T p (r p ) :— n. Then for 3 < p < g we define 

• ■ ■ *9)[tr 1 ,[»r 2 ,[...[*r p _ 1 ,ir p ]...] 

:= (^-ii.-.i, — -A» Tp (l)...i Tp(9) )[i r2 ,[...[i rp _ 1 ,i rp ]...]) 

where in the first row the square brackets are p — 1 and in the second row are 
p - 2. 

If (1.1) holds for every p < k and [—A, B] = —\A,B),A,B G A, then we 
call [-,-] antisymmetric of order k. In the case when A is a ring and [A, B] = 
[A, B]- := AB — BA is the commutator of A and B the identity (1.1) is valid 
for every p > 2. If for [,] we have [— A, B] = — [A, B], then it is antisymmetric 
of order A; = 2,3,4 iff it satisfies the first k of the following equalities (Sect. 4) 

([A il ,A ia ]) <ii . 3> =0, (1.2) 

([A n ,[A l2 ,A l3 }}) <iui2 i3> =0 (Jacobi identity), (1.3) 

([A h , [A i2 , [A i3 , A u ]]} + [A n ,[A l4 ,A l3 ,A t2 ]}}) <ii i2 i3 i4> = 0, (1.4) 

where ii,i2,h,U G / and a cyclic summation over the indices included in <> 
is performed, i.e. (. . .)<j 1 > means the sum of all elements of A obtained from 
(...) by a cyclic permutation of the indices i\, . . . . 
For A il ,,, ip G A, p = 2,3,4, we have the identities 

((A 4l ... 4p + {-l) p A lllplp _ 1 ... l2 ) [nA ,„ Atp _ lM ,„ ] ) <ti . p> ee (1.5) 

which reduce to (1.2) — (1.4) respectively, whenever A is a ring and [A,B] = 
AB-BA. 
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The generalized Jacobi identities, and in particular (1.2) — (1.5), definitely 
can find applications in the theory of physical systems described by curvature- 
and/or torsion-depending Hamiltonians (or Lagrangians) [7,8,9,13], especially 
those containing higher derivatives [9]. This is because the curvature and tor- 
sion are simple combinations of commutators of some derivations (see, e.g., (2.1) 
below or Sec. 4), and - on the other side- the commutators are exactly binary 
operations for which (some of) the generalized Jacobi identities hold. At the 
level of classical Hamiltonian mechanics, with or without constraints, there is 
also a place for possible application of the mentioned identities. In fact, as 
it is well known, the Poisson bracket is a classical analogue of the quantum 
commutator is [3]. In our terminology, the Poisson bracket is at least a third 
order antisymmetric operation, since it is antisymmetric and satisfies the Jacobi 
identity [3]. Hence, in principle, the generalized Jacobi identities will give a rela- 
tionship between the curvature and torsion corresponding to some commutators 
(or, e.g. Poisson brackets). This relationship may turn out to be useful for the 
physical theories, for instance, for finding conservation laws or first integrals of 
the equations of motion. Examples of this kind consist in using the (second) 
Bianchi identity (in the form of the vanishing of the covariant divergence of the 
Einstein's tensor) for the derivation of conservation laws in general relativity 
[14], and in using the classical Jacobi identity for generating first integrals of 
the equations of motion from those already found ones [3]. 

2. Some Identities for the Covariant Differentiation 

Consider a manifold M endowed with an affine connection (covariant dif- 
ferentiation) V[2, 3]. Let A,B,C and D be vector fields on M. The curvature 
R(A, B) and torsion T(A, B) operators are defined by 

R(A, B) := [V A , V b ]_ - V [A , B] _ , (2.1a) 

T(A,B):=V A B-V B A-[A,B}_, (2.16) 

where [V A , V_b]_ := oVfl-Vgo V^is the commutator of V^and V^and 
[A, B]_ := A o B - B o A is the one of A and B. 

Since the algebra of derivations along vector fields is also a ring and [, ]_is 
bilinear, (1.1) is valid for [, ]_ (with A ia = V Ba ,B a being vector fields) for every 
p > 2 and, as a consequence of this, the equalities (1.2) — (1.3) are also true for 
[, ] _ . Let us see what these equalities mean now. 

From (1.2), we find = ([Va, V b ]-)<a,b> = (Va ° V B - V B o V a )<a,b> = 
(R(A,B) + V [A , B] _) <AiB> = {R(A,B)) <AtB> or 

R(A, B) + R(B, A)=0 (2.2) 

which expresses the usual skew-symmetry of the curvature operator [2, 3, 4]. 

The Jacobi identity (1.3) yields the second Bianchi identity [2,3,4]. In fact, 
we have 

= ([V A , [V b , Vc]-]-)<a,b,c> 
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= (Va o [V b , Vc]- - [V B , Vc]- o Va)<a,b,c> 
= {(V A R)(B, C) + V A o V[b,c]_ + ^(V^B, C) 
+i?(B,V A C)-V [ B,c]_°V^) <ASiC> 

= ((Vxi2)(B, C) + J2(4 T(C, S)) + V [Ai[ b,c]_) <A; b,c> 
from where, using (2.2) and 

(V[A,[B,C]_)<A,S,C> = V([A,[B,C]_ = V = 0, 

which is a consequence of (1.3), we get 

((V A R)(B, C) + R(T(A, B), C)) <A B C> = 0. (2.3) 

Forp > 4 the equality (1.1) produces new identities satisfied by the curvature 
and torsion operators (2.1). Of course, these identities are not independent of 
the known ones [3, 4] but nevertheless they are new. Beneath we shall derive 
only the first of them corresponding to p = 4. In that case (1.4) reduces to 

([V A , [Vb, [Vc, Vb]-]-]- + (B ^ D)) <ABCD> = 0, 

where +(B < — ► D) means that we have to add terms obtained from the pre- 
ceding ones by changing the symbols B and D. Using the definition of [, ]_and 
(2.1a), after some easy manipulation, from the last equality we obtain: 

{(V a V b R)(C,D)+(VaR)((B,V d C-[D,C]-)+(C, V b D-W d B)-(D,V b C)) 

+R((A, -VbV c ^ + V C V D B + V D [B, C]_ + [B, [C, £>]_]_) 

+(V A B, V d C + [C, D}_) + (VaC, V B D)) + (B^ D)} <abcd> = 0. 

Writing here explicitly the terms +(B < — ► D) and using (2.1), we get after 
a simple calculations: 

{((R(A,B) + V [a ,b] JR)(C,D) + {V A R){B, [C,D]_) + (V A R)([B,C].,D) 

+R(A,R(C, B)D)+R(A, R(C, D)B) - R(A, T(B, [C, £>]_)) 

-R(A, T([B, C].,D)) + R(T{A, B), [C, D]-)} <A B CD> = 0. (2.4) 

Since A, B, C and D are arbitrary vector fields, the sum of the terms con- 
taining commutators in this identity must be zero, i.e. (2.4) reduces to the 
following two identities: 

{((R(A,B)R)(C,D)+R(R(A,B)C,D)+R(C,R(A,B)D)} <ABCtD> =0 (2.5) 
and 

{(V[A,B]_fl)(C,D) + (V A R)(B, [C,£>]_) + (V A R)([B,C].,D) 
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R(A, T(B, [C, £>]_))- R(A, T([B, C\-,D)) 
+R(T(A, B), [C, D]-)} <A B C D> = (2.6) 
It is easy to see that (2.6) is equivalent to 
{((V [ c, D ]_i2)(AB)+«(T([Cr,£)],^),B)) <[CiD]iAiB> } <AiB>CiD> =^ (2.6') 

and hence it is evident that (2.6) is a corollary to the second Bianchi identity 

(2.3) . Let us note that if we have grouped the terms into the identity preceding 

(2.4) in a different way wc might get directly (2.5) without the "additional" 
identity (2.6). Analogous identities, in which only the first derivatives of R 
appear, may be obtained from (1.1) for p > 5, but, because of their more 
complicated algebraic structure, we will not derive them here. 

Let us see now how the identities (1.5), which are more "general" then 
(1.2) — (1.4), can be used for obtaining identities for the torsion and curvature. 
For p = 2 from (1.5) we get 

= ({VaB) [a ,b])<a,b> = (V A B - W B A) <AjB> 

= (T(A, B) + [B, A]) <A . B> = (T(A, B)) <A , B> , 

i.e., 

T(A,B)+T(B,A) = (2.7) 

which expresses the well known [2, 3] skew-symmetry of the torsion. 

For p = 3 the identity (1,5) reproduces the first Bianchi identity [3,4]. In 
fact, it yields 

= {(y bC)[ A .[ B .c\])<A,B,C> 

= (V A V B C* - V B V C A - V A V C B + V c V B A) <A ^ BtC> 
= (R(C, B)A + V A (T(B, C)) + T([C, B]_,A) + [[C, B}_, A]_) <A , B;C> 
which, by means of (2.2), (2.1a) and (1.3), can be rewritten as 

{R(A, B)C (V A T)(B, C) T(T(A, B),C)) <A B C> = (2.8) 

As one may expect, (1.5) for p = 4 generates a new identity for the curvature 
and torsion of the connection. Since the derivation of this identity is simple but 
pretty long enough, as that of (2.5), we shall skip the calculations and present 
here only some of the intermediate results: 

= {(VaV s Vc£ > )[ j 4,[b,[c,.d]]] + {B <-> D)} <a . b ,c\d> = 

= ■■■ = {(VaVbT)(C, D) + (VaT)(V b (C, £>)) + T(V A V B (C, D)) 
+V A V B {C,D}_ - ((V A R)(B,C))(D) - ((V A R)(C,D))(B) 
+(R(Va(B, C)))(D) - (R(V A (C, D)))(B) - R(C, D){V A B) 
-Va{V [b ,c\-D + V [CM _B) + V [C ,D]_ (VbA) + (B^ D)} <a ,b,c,d> = ■■■ 



5 



= {(\7 A T)(V B (C, D) + V D (C, B))} <A , BtC ,D>, 

where Va(B, C) :— (V^-B, C) + (B, V^C). After some easy calculations, from 
the last result, finally, we find 

{(R(A, B))(T(C, D)) - (R(A, B)T)(C, D) - T(R(A, B)C, D) 

-T(C, R(A, B)D)} <a , b , c ,d> = (2.9) 

A feature of this new identity is that if the connection is curvature or torsion 
free, then in the both cases it reduces to the trivial one: = 0. 

3. A generalization of the Covariant Differentiation 

Let there be given a family £ := {£ a : s e A /} of real vector bundles 
£ a = (E a , 7r a , M), TT a : E a — > M over a differentiable manifold M and the 
dimensions of £ a and ^be equal for every a, b £ A, i.e. n^ 1 (x) and (x), x E M 
be isomorphic vector spaces. The set of C fe sections of £ a , k > 0, will be denoted 
by Sec fe (£ a ); Sec(£ a ) means the set of all sections over £ a . 

Let us define maps 

a - h I x ^ y :^- l (x)^^ 1 {y), x,y&M, (3.1) 
which will be called transports; we suppose that: 

b ' c I y ^ z o a ' b I x ^ y = a > c I x ^ z , a,6,ceA, x,y,zGM (3.2) 

and 

a - a I x ^ x =id n -^ y (3.3) 

One can easily prove 

Proposition 3.1.^4 map (3.1) satisfies (3.2) and (3.3) if and only if there 
exist a vector space Q of dimension dim(7r ( ^ 1 (a;)) and 1:1 maps a F x : 7r~ 1 (x) — > Q 
such that 

a > b I x ^ y = b F- 1 o a F x . (3.4) 

Further we shall need the maps a b I x :Sec(^ a ) ^Sec(£ a ) defined by 

( a - b I x {T)){y) := a - b I x ^ y T{x), T G Sec(£ a ), x,y G M. (3.5) 

Due to (3.2), we, evidently, have b ' c I x o a - b I y = a < c I y . 

On £ we can define the following generalization of the (linear) covariant 
differentiation on vector bundles. Let us consider the maps 

a ' b V v :Sec 1 ^ a )^Sec(C b ), (3.6) 

V being a vector field on M which may be called a formal connection on £. By 
definition the maps possess the properties 

a ' b V v (S + T) = a < b V v S+ a < b VyT, (3.7) 
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a ' b V v +w = a ' b Vy + a ' b V w , (3.8) 

a - b V f . v = f{x)- a - b V v , (3.9) 

a '"Vv o (/•) I x o (V(/)-) + f(x) - a ' b Vy, (3.10) 

where 5, T GSec 1 ^), V and W are vector fields onM,/:M^R, V(f) is the 
action of V on / and /• means (left) multiplication with f. 

It is easily seen that the map Vi^h Vy : Ua^Sec 1 ^) — > U a6 A5ec(£ a ) 
defined by (V F T)(i) := ( a < a VyT)(x) for every T eSec 1 ^), has the properties 
V V (S + T) = VyS + VyT, Vy +l y = Vy + V W , V/.y = /• Vyand Vy o (/•) = 
V(/) + / • Vy . Hence V defines a covariant differentiation in every vector bundle 
&[3,4]. 

The conditions (3.7) — (3.10) imply some restrictions on the used trans- 
ports. Namely, from (3.8) and (3.10) one immediately derives that a - b I x ^ y ((a + 
T )T X ) = a - b I x ^ y (aT x ) + a < 6 I x ^ v (tT x ) for every a,T G R and T x G Tr" 1 ^). In 
particular this means that the transports must be Z-linear. The condition is 
naturally satisfied if the transports are R-linear, i.e., if 



a ' b I x ^ y {aS x +rT x ) = a a ' I x ^yS x + T a ' I x ^ y T x ,a,T G R (3.11) 

for every S x , T x G w~ (x), which is assumed hereafter everywhere. 

The transports a ' b I x ^ y and the derivatives a ' b Vywill be called consistent if 
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Vy = c ' b I y o a ' c Vy. (3.12) 

From this definition for c = a immediately follows 

Proposition 3.2. If a > b I x ^ y &nd a,fc Vyare consistent, then 

a,b Vv ^a,b j xoVv (313) 

and, on the opposite, if Vy : U^Sec (£ a ) — > U ae AS'ec(^ a ) preserves the type of 
the sections, i.e., Vy:Sec 1 (^ a ) — >Sec(£ a ) and has the written above properties, 
then the maps (3.13) satisfy (3.7) — 3.10), are consistent with a ' b I x ^ y a,nd the 
map Sec 1 ^) 3Th (°-°VyT) coincides with Vy. 

If the maps a b I x ^ y a,ie C 1 (with respect to x or y), we can define 

' b Vy := lim[V/ Xe -^7,)] = (|;C' 6 4J) „, (3.14) 



e=0 



where = x a + eV a , V = V a d/dx a in some local basis. 

Proposition 3.3. The maps (3.14) satisfy (3.7) - (3.10) and 



fc ' c Vy ° a ' b I v = 0, (3.15) 



b ' c V y o a < b V^ = 0, (3.16) 
h <% o a <<> V y ^ a < c Vy, (3.17) 
the first of which does not depend on the linearity of a ' b I x ^ y . 
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Proof. The first statement of the proposition follows directly from (3.14); (3.15) 
and the consistency condition (3.17) are consequences from (3.14) and b ' c I x o a,b 
I y = a - c I y ; (3.16) is a corollary of (3.17) and (3.15).b 

At the end of this section we shall write some expressions in local bases. 

Let {e",i = 1, . . . , dim(£ )} and {d/dx a } be bases in Sec(£ a ) and in the 
bundle tangent to M respectively. We define the transports 

a ' b I x ^ y ef(x) =: a ' b H\{y,x)e){y), (3.18) 

(( a ' b V d/dx .M))(y) =: a ' b V ia {y,x)e b {y), (3.19) 

where the summation is understood to be performed on the repeated on different 
levels indices within the range of their values. One can easily verify that the 
consistency condition (3.12) is equivalent to 

a > b Ti ia (z,x) = b > c H j k (z,yr c T k ia (y,x) (3.20) 

and if T = T l ef and V = V' l d/dx a , then 

a - b I x ^ y T(x) = a ' b H^x)T\x)e b (y), (3.21) 

( a ' b VvT)(y) = V a (x)[ a ' b H> i (y,x)(dT i /dx a )(x) 
+ a - b T j la (y,x)T*(x)]e b (y), (3.22) 
r' fe V^T)(y) = y"(x)r' b ^(y,x)(aTVfe«)(.T)+^ fc J ff^(y, a ;)r( a; )] ej b ( 2 ;), (3.23) 
« 6 ' C W ° a ' b Iy){T)){z) = V a (x){- b ' c H j ia (z,x) 

+ b - c r^ a (z,x)) a - b H i k (x,y)T k (y)e b (z), (3.24) 
where (c/.(3.4)) 



= - a ' b H j k (y,x) d ' aH d ^ v) a > b H\{y,x) (3.26) 

From the equality (3.24) follows the evident implication 

b - c Vy o a ' b I y = 0^ b < c V y - b ' c V(r. (3.27) 

The purpose of what follows is to find the analogues of curvature and torsion 
operators for the derivatives b ' c Vyand some satisfied by them identities. 

4. Curvatures for the Generalized Covariant Differentiation 

Classically [2,4] the curvature and the torsion of a linear connection arise 
from the consideration of combinations quadratic with respect to the connection 
or some vector fields (c/.(2.1)), and these combinations are skew-symmetric 
(c/.(2.2)). In our case a number of different such expressions can be formed 
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which may be divided into two groups. The first of them contains the expressions 
obtained from 

b ' c \7 w o a ' b V v (4.1) 

by antisymmetrizing it with respect to: V and W; x and y; (x, V) and (y, W);b 
and c; (b, V) and (c, W); (b, x) and (c, y); (b, x, V) and (c, y, W). The first three 
antisymmetrizations are formed in a usual way, e.g. that one with respect to V 
and W gives 

b ' c V w o a - b V v - b ' c V v o a ' b V w . 

The remaining antisymmetrizations have two variants, e.g. that one with respect 
to (b, x) and (c, y) gives 

d.crr „a.fc w b,c j c,6 v7 „«,c 

Vh/ o Vy — ' l z o Vvf o Vy, 
h < c V W o Q ' b Vv - b ' C I o c > b Vw ° Q ' C Vy , 

where f, ' c /:Sec(6) -^Scc(£ c ) and if T eScc(£ fc ), then ( b < c /(T))(x) := b < c I x ^ x (T(x)). 
Here the maps b ' c / z and b,c 7 appear because otherwise the differences are not de- 
fined (the different terms in them map one and the same section into sections 
from, generally, different bundles). 

A simple calculation, with the usage of (3.22) and (3.4), shows that if 
T eSec 1 ^) and x,y,t e M, then 

{ b ^ w o«- b Vv(T))(t) = W a {y)V\x){ ^ C H j ia (t,yr b r k0 (y,x) 



_|_6,c 



rUt,y)m( a - b V d/dx ,)(T)y(y)}eC(y). (4.2) 



From here we see that any (first or higher) generalized covariant derivative of 
some C 1 section contains only first partial derivatives of that section. 

The skewsymmetric expressions of the second class are obtained by antisym- 
metrizing the expression 



b > c V w o a - b V v , (4.3) 

where a < b V : V ^ b VytSec 1 ^) ->Sec(&) is such that ( a < b V y T)(x) := 
( a < b V y T)(x) for T eSec 1 ^), with respect to V and W, b and c and (b,V) 
and (c, W) . 

Applying (4.3) to T eSec 2 (£ a ) and using twice (3.22), we get 

{ b ' c V W o"- 6 Vv{T))[x) = b < c I x ^ x ((( a ' b V w{v « )a/Bx )T)(x)) 

+W(x)V a (x){[»' c T%(x, x) a >»r ka (x, x) + ^H^x, x) 

d a ' b T % ka {x,x) _ a,b,c K )-~< v l 1 T \\T k (T\ -L. a > b >c tA' 1 
faP K .lf) a L .k^^n 1 ( x )+ K .k0a 



9 



(rv 9/ ^)T)»(,) +«*rf k {x,x)%^}e%x), (4.4) 

where 

* h "X*&a :=6 ' C »)( d " > ^ a? ' ^ % + "Wkaix, »)*g) 

+^T%{x,xr b H i k {x,x)8l, (4.5) 

in which 6% = 1 for a = 7 and (5^ = for a ^ 7. The quantities (4.5) are 
symmetric with respect to a and in the following important cases: 

° ,0,0 *fc =°'° r i*M^ + "'^M^ (4.6a) 

where V = V 7 means that a ' b Vy has to be replaced by a ' b V y the action of 
which on T GSec 1 ^) is (( a < b V y )(T))(:r) := ( a < b V y T)(2;). 

If we make the above-pointed antisymmetrizations in (4.2) and (4.4), which 
are 11 and 5 in number respectively, we shall obtain expressions which are lin- 
ear with respect to W, V, T and the first generalized covariant derivatives of 
T(highcr derivatives do not occur). The coefficients before the last two quan- 
tities are, by definition, the components of the corresponding curvatures. As 
the consideration of all of these 16 cases is similar, we are going to consider, for 
brevity, only one of them. 

The antisymmetrization of (4.3) with respect to W and V, due to (4.4), gives 

b ' c V W o a > b V V - h ' C W ° a - b Vff - b ' c I o a - b V [wy] _ 

= a,b,o R(W,V) + a > b ' c D(W,V), (4.7) 

where 

( a ' b > c R(W, V)T)(x) = a > b ' c R j i0a T i (x)W^(x)V a (x)e c j (x), (4.8a) 

(°*-°D(W,V)T){x) = a ' b - c 4X(((Va/a^)r)(x))W' 3 (x)^(x) ej c (x),(4.86) 

define the first and the second curvature operators (for a ' b V) whose components 
are: 

a ' h V k ia {x,x)) [aA a ' b ^ k } a T%(x,x) (4.9a) 

It is important to note that by virtue of (4.6), we have 

o,o,o ^«:= oAc ^«lv=v^=0. (4.10) 
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The first of these cases, b = c = a, corresponds to the usual covariant 
differentiation in the vector bundles £ a . In fact, in this case a ' a ' a R(W, V)T = 
R(W,V)T =: a R(W,V)T, where R(W, V) is given by (2.1a) (see the above 
definition of V : V i— > Vy), so a R is the usual curvature operator for V in £ a , 
the components of which are obtained from (4.9a) for c = b = a, i.e. they are 



a r>3 



^("•Tu>. *)) +a,a r U x > xr^ioi*, *) 



(see (4.10) and (3.3)). Let us note that a x R° lfja = iff V = V J , i.e. iff 
a > a r k ia (x,x) =«.« ^(s.a;). 

Now we are going to describe some of the identities satisfied by the above 
curvatures. 

Since the left-hand side of (4.7) can not be written in terms of commutators 
of a,b Vyand b ' c Vw(they simply are not well defined) some of the identities 
satisfied by the above curvatures may be found on the base of (1.5) or from 
(1.1) for a special definition of the operation [ , ]. Below, as examples, we 
consider the consequences of (1.5) for p = 2, 3. 

In our case (1.5) for p = 2 gives 

= {( b - c V w o a ' b V v ) [wy] ) <wv> = ( b > c V w o-- b V V - "' c V y o«- 6 V w )<w,v> 

= ( b ' c Vw ° a ' 6 Vy - b < c Vy o a - b V W - b > c I o a - h V [wy] _) <Wy> 

= {°" b ' c R{W, V) + °" b ' c D{W, V)) <wy> . 
Hence, because of (4.8), it follows that 

a > b > c R(W, V) + a ' h ' c R(V, W) = aAc D(W, V) + aAc D(V, W) = (4.11) 

i.e. the skewsymmetry of the curvatures with respect to their vector arguments. 
In the case under consideration (1.5) for p — 3 gives: 

0=((^V A o b -V B o^ b V c ) [A ^ c]] ) <ABC> 

= {( c - d V A o b > c V B o a ' b V C - c ' d V B o b > c V C o-- b Va)[B,C]) <a , B;C> - 
Therefore, taking into account (4.3), we get 

[ c - d V A o ( a ' b ' c R(B, C) + a - b < c D(B, C) + b ' c I o a ' b V [B ,c]_) 

-(»< c < d R(B, C)+ h ' c ' d D(B, C)+ c ' d Io b < c \7 [B , c] _)° a < b V A } <yB , c > = 0. (4.12) 

Because of (4.8) and (4.4), this equality is equivalent to two identities which 
include the curvatures and their first derivatives. These identities are obtained 
by equating to zero the coefficients before T and { a,a Vd/g x i)T when (4.12) is 
applied to an arbitrary T eSec 2 (£ a ). The identities pointed out, as well as their 
derivation, are simple but too long to be presented here. 
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5. Conclusions 



In this work we gave simple examples of application of the generalizations 
of the classical Jacobi identity announced in [5] . 

In the case of the covariant differentiation the first and the second of men- 
tioned identities reproduce the known identities satisfied by the curvature and 
torsion tensors, but beginning with the third one, which is explicitly derived, 
the proposed here method generates new identities for these tensors. 

In Sect. 3 we have proposed a kind of generalization of the covariant differen- 
tiation in a family of cquidimcnsional vector bundles over a given differentiable 
manifold (which formally is supposed to be endowed with a kind of a "trans- 
port along that manifold"). Here we wish to point out that a typical example 
of such families are the tensor bundles of a given rank. For instance, in the 
notions of Sect. 3, we may set £ = {£i, £2, £3, £4 with £i = T(M) (g>T(M),£ 2 = 
T(M)®T*(M),& = T*{M)®T(M) and £ 4 = T*(M)®T*{M), where T(M) is 
the bundle tangent to M and T*{M) is its dual. In section 8 we have described 
how the curvatures of this differentiation operations can be introduced and how 
on the basis of the generalized Jacobi identities some identities satisfied by them 
can be obtained. Because, in the general case, there are 16 such identities, we 
consider in details only two of them. An analogous treatment is still valid for 
the remaining identities. 
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